We construct a realization of the Yangian double DYh(gl N ) and DYh(sl N ) of an arbitrary level k in terms of free boson fields with a continuous parameter. In theh → 0 limit this realization becomes the Wakimoto realization of gl N and sl N , respectively. The vertex operators and the screening currents are also constructed with the same spirits; the screening currents commute with DYh(sl N ) modulo total difference.
Introduction
Quantum affine algebras and Yangian were proposed by Drinfeld as generalizations of classical universal Lie algebras and loop algebra with nontrivial Hopf algebra structures [8, 9, 10] . They play crucial role, which is similar the role of the Virasoro algebras and Kac-Moody algebras in the conformal field theories, in the perturbative integrable massive quantum field theories. Following the Faddeev-Reshetikhin-Takhtajan (FRT) formalism [11] , both kinds of algebras can be considered as associative algebras defined through the Yang-Baxter relation (i.e. RLL-relations) with the structure constants determined by the solutions of the quantum Yang-Baxter equation (QYBE) . Quantum affine algebra [10] and Yangian double with center (the central extension of the quantum double of Yangian) [21, 22, 23] are respectively affine extensions of classical universal Lie algebra and Yangian. From the RLL viewpoint, which corresponds to the trigonometric solution of QYBE and rational one, respectively. If one regards the Reshetikhin-Semenov-Tian-Shansky realization (RS) [32] as the affine analog of Faddeev-Reshetikhin-Takhtajan formalism. They both were proved to have important applications in certain physical problems, especially in describing the dynamical symmetries of the perturbative integrable massive quantum field theories, calculating the correlation functions and form factors of some two-dimensional exactly solvable lattice statistical model and (1+1)-dimensional completely integrable quantum field theories [4, 29, 34] . In such physical applications, the infinite-dimensional representations of quantum affine algebra and Yangian double are required. Rephrasing in another words, doubled Yangian with central is needed, especially the representations with higher (k > 1) level.
In practice, free field realization is proved to be quite effective and useful approach to study complicated algebras structure. In this aspect, the Heisenberg algebra (or free boson) representation has become a common method for obtaining representations of quantum affine algebras. For examples, the free boson representations of U q ( sl 2 ) with an arbitrary level have been obtained in Refs. [33, 30, 31, 25, 1] . Free boson representation of U q ( sl N ) with level 1 was constructed in [14] . Free boson representations of U q ( sl 3 ) and U q ( sl N ) with arbitrary level were constructed in [2] and [3] respectively. For the Yangian doubles, the free field representation of DYh(sl 2 ) with level k was constructed in [28] . The level 1 free boson representation of DYh(sl N ) was given in [18] . In Ref. [16] the free field representation of the Yangian double DYh(sl N ) with arbitrary level k are obtained by a simple correspondence between the quantum affine algebra U q ( sl N ) and the Yangian double DYh(sl N ) [16] . This correspondence makes our derivation of free field representation for DYh(sl N ) greatly simplified. However, we have been unable to obtain screening currents for DYh(sl N ) following the same spirit, so the relations of quantum affine algebras and the Yangian double with center is nontrivial. So to construct a free fields realization of the screening current operator is the one of the motivations of this paper.
Another motivation is that, in the Ref. [13] Frenkel and Reshetikhin use the free field realization of the quantum affine algebra U q ( gl 2 ) k at critical level k = −2, they investigate the structure of its infinite dimensional center of the quantum affine algebra U q ( gl 2 ) k . Using the Wakimoto realization of the quantum affine algebra they define a new Poisson bracket algebra, which is nothing but the q-deformation of the classical Virasoro algebra ( in the general case are the q-deformations of the classical W q (sl N ) algebras ). Similarly as the quantum affine cases, infinite dimensional centers exist for the Yangian double with center at critical level, which are just the classicalh − W algebras [17] . In the simplest case,h-Virasoro is considered in Ref. [7] by using the free fields realization of the Yangian double with center DYh(gl 2 ) k at level k = −2. Similarly, one way to study the structure of theh − W algebras is through the free field realization of the Yangian double with center DYh(g) k at critical level, where the Lie algebra g has a higher rank. However, it is difficult to obtain the free fields realization of the currents for Yangian double DYh(gl N ) in the higher rank cases (rank greater than one) with the boson fields using in [16] , either no consistent realization of quantum determinant, which decomposes the DYh(gl N ) c to its subalgebra DYh(gl N ) c could be given.
In this paper, we introduce free fields involved with a continuous parameter, we obtain the DYh(gl N ) and DYh(sl N ) currents, and the screening currents and vertex operators. The manuscript is arranged as follows. Section 2, at first, we briefly review the Drinfeld new realization of the Yangian Y (g), then we give the defining relations of Drinfeld generators of the Yangian double with center DYh(gl N ); and the RS realization is also given, the isomorphism between these two realization can be established through DingFrenkel correspondence. In section 3, the three set of free boson fields with a continuous parameter are introduced; some relations, which will be used in the following sections are listed. With the help of the results obtained in the section 3, we give a free fields realization of DYh(gl N ) and DYh(sl N ) in the section 4. In section 5 is the free fields realization of the screening currents and the vertex operators, and brief discussions are given at the final section of the paper.
Drinfeld generators of Yangian double DYh(gl N )
At first, we introduce some notations, which will be used in the sequel. Let ǫ µ (1 ≤ µ ≤ N) be the orthonormal basis in R N . We have the inner product < ǫ µ , ǫ ν >= δ µ,ν . Definē
Obviously, N µ=1ǭ µ = 0. The simple roots, fundamental weights are,
respectively. For simple, denote half of the Cartan matrix a µ,ν as B µ,ν . There are three realizations of Yangian Y (g): Drinfeld realization [8, 9] , Drinfeld new realization [10] , and R-matrix realization or FRT realization [26, 11] . The isomorphism between the Drinfeld new realization and the R-matrix (or FRT) realization can be established by using the Ding and Frenkel correspondence [6] . Here, we only give the definition of the Drinfeld new realization of Yangian, for the Yangian double is defined in terms of quantum double of the Drinfeld new realization, while the Yangian double with center is the central extension of the Yangian double. There is the following theorem:
The Yangian Y (g) is isomorphic to the associative algebra with generators, x ± µ,r , h µ,r , µ = 1, . . . , rank g, r ∈ Z ≥0 , and the following defining relations.
for all sequences of non-negative integers r 1 , . . . , r ν , where m = 1 − 2B µ,ν , 2d µ B µ,ν is the symmetric Cartan matrix. And the sum is over all permutations π of 1, . . . , m.
As an associative algebra, the Yangian double with central DYh(gl N ) c is generated by the Drinfeld generators {k The generating function of the Drinfeld generators of Yangian double with center
and they satisfy the following commutation relations:
In which the scalar factor
3)
These relations are understood as relations between formal series. The above relations can be derived through the RS realization, in the following we will turn to the RS realization.
The RS realization [32] originated from the quantum inverse scattering method. The one of the advantages of the RS realization is that, the central elements can be written explicit by the quantum trace [32] . For this purpose, in the following we will drop the d operator in the Yangian double with center, and denote as DY ′ h (gl N ). Introduce the following operators:
where the generating function,
and the R-matrix R ± (u),
is the Yang's solution of QYBE. The P is the flip operator of u ⊗ v, P u ⊗ v = v ⊗ u, and the choice of the scalar function ρ ± (u) can be determined by the unitarity condition and crossing symmetry [15] . But here we adopt another approach but the crossing symmetry condition, which will be explained in the latter part of the paper.
From the universal R-matrix for the central extended Yangian double obtained in [21, 22, 23] , L ± (u) have the following unique decompositions:
, the defining relations in DY ′ h (gl N ) are given as follows: 8) and the notation
is used. From the above expression, if we set
which define an isomorphism between the Drinfeld realization and the RS realization. The statement can be proved following the Ding-Frenkel equivalence [6] .
Similar as DYh(gl N ) 
and their modes expansion are,
The Drinfeld generators of DY
Now we can write the generating relations for DY ′ h (sl N ) as follows [18] ,
17) 
, and the scalar function is chosen so that the quantum determinant commuting with the all of the currents and with itself.
Free boson with continuous parameter
In this section we shall construct a free boson representation of DYh(sl N ) k with arbitrary level k (c = k henceforth). For N = 2 this problem has already been solved in Ref. [28] . For generic N, the Yangian double currents are obtained using the quantum-Yangian double correspondence [16] , but however, screening currents and vertex operators can not be get in the same way, at least, they can not be expressed as a nice form. So the correspondence between them are somewhat nontrivial. In the next section, we introduce another kinds Heisenberg algebras to overcome these problems. N 2 −1 free boson fields are needed to construct the DYh(sl N ) generators with arbitrary level. So we introduce three set boson fieldsλ µ (1 ≤ µ ≤ N),b µ,ν andĉ µ,ν (1 ≤ µ < ν ≤ N), and whileb µ,ν =ĉ µ,ν ≡ 0, for µ ≥ ν. The quantum Heisenberg algebra Ah ,k (sl N ) generated byλ µ (t),b µ,ν (t),ĉ µ,ν (t) is involved with continuous parameters t (t ∈ R − 0), which enjoy the the following commutation relations 29) and the other commutators vanish identical, where g = N is the dual Coxeter number for the sl N algebra. Hereλ µ (t) are the "fundamental weight type" fields, whileb µ,ν (t),ĉ µ,ν (t) are "ghost type" fields in conformal field theory alike. In fact, the free boson fields defined above can be viewed as the Yangian limit of the elliptic algebra Ah ,η ( sl N ), with η → 0 [24] . The Fock space corresponding to the above Heisenberg algebras can be specified as follows. Let |0 > be the vacuum state defined by
The Fock space F (l λ , l b , l c ) is then generated by the actions of the negative modes of λ µ , b µ,ν , c µ,ν . We shall see later that this Fock space actually forms a (Wakimoto-like [36, 12] ) module for the Yangian double DYh(sl N ) with level k.
We define the free boson fields χ µ,ν (β|u; α) and χ ± lm (u) through
where
). Then following the standard procedure we have
where thec indicate the circle from +∞ to 0 in the upper half plain and 0 to ∞ in the lower half plain [20, 24] . To derive the eq.(3.34), the identity c dt ln(−t) 2iπt
is used, in which the γ is the Euler number. In the same way, we can get the following identities.
and
In the process of constructing the boson realization of DYh(sl N ) k , the following four identities are useful. In fact, the relations of the arguments in different terms are decided by these identities. There are Proposition 1 There is a homomorphism ψh ,k from DYh(sl N ) k to Ah ,k (sl N ), which is defined on the generators as follows:
is well defined F λ, b, c , and satisfies the commutation relations:
where reg. means some regular terms and ≃ and ∼ imply "equals up to' with difference of such terms.
Proof: A somewhat long but straightforward calculation verifies this proposition. Using the Eq.(2.9) and Eq.(4.50) to Eq.(4.53), we have the following expressions:
(1 ≤ µ ≤ N − 1) without confusion. The following corollary are the direct result of the proposition 1. . 
Corollary 1 The fields H
67)
The corollary also followed by a straightforward calculation. For the sake of illustration, here we give only an example only. First, considering the case
The above three equation can express as the form Eq.(4.59). In the above calculation the identities in the above sections are used without mention. The remaining calculation are the similar. 
Screening currents
In [16] the author give a boson field realization for the currents DYh(sl N ) by the so called q-affine-Yangian double correspondence. There we use ordinary oscillators with discrete mode, and the screening currents and the vertex operators are difficult to obtain by such boson fields. Because of the importance of the vertex operators and screening currents in the field theories, so construction of screening currents in terms of free fields are one of the main objects in the theories. Especially if we know these quantities we could have been able to calculate the cohomology of the action of our bosonization formulas on the Fock spaces F (λ, l b , l c ). This problem can be overcome by using the boson fields defined in the Eq. and the highest weight state of DYh(sl N ), can be obtained from the vacuum |0 > state by this operators, so the vertex operator is similar as the primary fields in the conformal field theory. The vertex related to the intertwining operators of type one and type two will be discussed elsewhere.
Discussions
In this paper we establish the free boson representation of the Yangian double DYh(sl N ) with arbitrary level k. Such representations of the Yangian double DYh(sl N ) are expected to be useful in calculating the correlation functions of various quantum integrable systems in (1+1)-spacetime dimensions, e.g. the spin Calogero-Sutherland model [35] , quantum nonlinear Schrodinger equation [27] and some field theoretic models such as Thirring model, Gross-Neveu model with U(N) gauge symmetries etc. Our representation of DYh(sl N ) may also be used to analyze the behavior of Yangian double at the critical level k = −g, a very fascinating area of great interest of study [13] , which is just theh − W algebra. For the length of the manuscript, we will discuss this problem in a separated paper.
